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LEVY TYPE CHARACTERIZATION OF STABLE LAWS
FOR FREE RANDOM VARIABLES

VITTORINO PATA

ABSTRACT. We give a description of stable probability measures relative to free
additive convolution. The definition of domain of attraction is given, and a
proof is provided of the noncommutative analogue of Lévy Theorem.

1. INTRODUCTION

The aim of this paper is to extend some well-known classical results to the
case of additive free convolution of probability measures.

The theory is developed in the context of noncommutative probability. Here
the notion of independence of random variables is replaced by the notion of
freeness; the distribution of a sum of free random variables is the free additive
convolution of the distributions. The free additive convolution arises naturally
from the noncommutative theory of free products; see [3, 9, 10, 11] for a back-
ground of this noncommutative theory.

The paper is organized as follows. Section 2 contains some basic definitions
from free probability theory of unbounded random variables. Section 3 presents
a review of the relation between the additive convolution and the Cauchy trans-
form of a probability measure. In Section 4 we give the definition of B-infinitely
divisible measure (i.e., infinitely divisible with respect to free additive convo-
lution) along with some basic theorems, and we prove that the limit of certain
weighted sums of free, identically distributed random variables is B-infinitely
divisible. Further we introduce the concept of a stable law. In Section 5 we
provide the definition of domain of attraction and we prove that, as in the clas-
sical case, a law is stable if and only if it has a non-empty domain of attraction.
Finally we focus our attention on weighted sum of free, identically distributed
random variables with a B-infinitely divisible distribution u. Here we show
that the Central Limit Theorem holds if and only if x4 has finite variance.

2. PRELIMINARIES

We recall some of the basic facts on the theory of free unbounded random
variables from [1]. We call a noncommutative probability space a pair (¥ , ¢),
where & is a complex unital noncommutative algebra, and ¢ : & — C is a
linear functional such that ¢(1) = 1. If &/ is a von Neumann algebra and 7 a
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normal faithful trace, the space (& , 1) will be called a noncommutative tracial
W*-probability space or more simply a W*-probability space. In this paper we
will always work with a W*-probability space (&, 7).

A bounded random variable in (&, t) is simply a selfadjoint element of
& . An interesting purely noncommutative formal analogue of classical inde-
pendence is the notion of freeness. The analogy is that around freeness, several
concepts can be developed similar to those around independence. A family of
von Neumann subalgebras {%},c; C % ina W*-probability space is said to be
freeif t(aja;...a,) =0 whenever t(a;) =0, a; €%, ,and iy ZiL #... # in.
A family of random variables is said to be free if the von Neumann algebras
they generate are free. It is interesting to point out that like for classical prob-
ability the expectation of the product of two independent random variables is
the product of the expectations, here for two free random variables X, Y € &/
we have that 7(XY) = 1(X)7(Y).

Using the GNS construction, we may always think of our von Neumann
algebra as acting on a Hilbert space H . A selfadjoint operator X on H is said
to be affiliated with &/ if all its spectral projections are in ./ . More generally
a closed densely defined operator Y on H is affiliated with &/ if it has a polar
decomposition Y = uX , with ¥ € & and X affiliated with .&7 . Following the
notation of [1] we denote the set of all operators on H affiliated with &/ by
&, and the subset of selfadjoint operators by &, . It is well-known (see [8])
that & is an algebra (recall that & is finite), i.e., if X, Y € "Qi then X +7Y
and XY are densely defined, closable, and their glpsures are in &/ . Moreover,
if X,Y € %, then the closure of X +Y isin &,.

An unbounded random variable is an element of %, .

Denote the spectral measure of an operator X € %, by Ex : Z(R) - &
(where Z(R) are the Borel sets of the real line R), hence X can be written as

+00
X=/ 2dEx(2) .

We say that a family {X;};c; of selfadjoint random variables is free if the
von Neumann algebras {%/};c; generated by the elements of the form f(X;),
with f a continuous bounded function on R, are free. .

Given a W*-probability space (% , 7) and a random variable X € &, , we
define the distribution uy of X to be the unique probability measure on R
satisfying the equality ux(o) = 7(Ex(0)), for every ¢ € #F(R). As in the
classical case we define the distribution function %y as Fx = ux((—oo, t)). It
is worth recalling that the measure uy is compactly supported if and only if
Xe«.

An important result is that given a family {v;};e; of probability measures on
R, it is possible to find a W*-probability space (&, 7) and a family {X;};es
of free random variables such that, for all i e I uy, =v; (see [1]).

The concept of freeness allows us to define without ambiguity the free additive
convolution (indicated by H) between two distributions. Indeed, it can be shown
that if X and Y are two free random variables then uy,y depends only on
ux and uy, so it is possible to define the operation B in the following way:
Uy B uy = pux,y. By the above remark, given two probability measures u
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and v, wefinda W*-probability space (& , 7) and two free random variables
X,Y € %, such that uy = 4 and uy = v. Thus it makes sense to define
wWBv = uy,y. Therefore the additive convolution is an operation defined on
the space of probability measures on R.

3. ADDITIVE CONVOLUTION AND @-FUNCTIONS

In this section we present some background results from [1] about the ana-
lytical method for the calculation of additive free convolution.

Given a probability measure x4 on R, consider the corresponding Cauchy
transform oo

Gu(z) = / ZL_tdu(t) . z¢R.
—00

Since G,(z) = G,(z), the behavior of G, in the lower complex half-plane C~
is determined by its behavior in the upper half-plane C*. It is clear that G,
maps C* into C~. It is useful to introduce also the reciprocal of G, defined
as Fy(z2) =1/Gu(z).

We will use the following notation. For positive numbers o and g denote

I'n={z=x+iy:y>0and |x|<ay},

and

I p={z€el.:y>B}.
Interest in considering the function F, is motivated by the following theo-
rem [1].

Theorem 3.1. Let u be a probability measure on R. There exists a domain
Q € C* of the form Q = U,.qTa, pa) Such that F, has a right inverse F, !
defined in Q, i.e, F,(F;7'(2)) =z, for z € Q. Moreover SF;'(z) < Sz.

Observe that the function F, ”“ can be extended by symmetry to the domain
Q* = {1:1 € Q}. We are now ready to define the ¢-function of a probability
measure 4 by

bu(z) =F; ' (2)-z.

The basic property of the ¢-functions is that, given two probability measures
and p, it follows that ¢, m,, = @, + ¢4, . Thus the ¢-function is the noncom-
mutative analogue of the logarithm of the characteristic function in classical
probability. The functions which are ¢-functions of probability measure are
completely characterized (see [1]). Here we are interested to the continuity
properties of the passage u4 — ¢,. For this purpose we state the following
result.

Proposition 3.2. Let {1,}2, be a sequence of probability measures on R. The
Jfollowing assertions are equivalent.
(i) The sequence {un}, converges weakly to a probability measure .
(ii) There exist a, B > O such that the sequence {¢,,}3>, converges uni-
formly on the compact subsets of T, g to a function ¢, and ¢,,(z) =
o(z) uniformly in n as |z| > 00, z€T, p.
Moreover, if (i) and (ii) are satisfied, we have ¢ = ¢, in T, p.
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4. INFINITELY DIVISIBLE AND STABLE LAWS

Definition 4.1. A probability measure u is said to be B-infinitely divisible if
for every positive integer »n there exists a probability measure y, such that

u=u,B...Bu, .
—‘,_I
n times
The ¢-function of a HB-infinitely divisible measure can be written in a canon-
ical form. This is the content of the next theorem from [1].
Theorem 4.2. The following hold.

(i) A probability measure u on R is B-infinitely divisible if and only if ¢,
has an analytic extension defined on C* with values in C- UR.

(ii) Let ¢ : C* — C~ be an analytic function. Then ¢ is a continuation of
¢ for some B-infinitely divisible measure yu if and only if

9(2) _,
|z| =00, z€l, Z

Sor some (and hence all) a > 0.
(iii) Let u be a B-infinitely divisible probability measure on R. Then there
exist a € R and a positive finite measure o such that

+00°
¢,,(z)=a+/ 1 +1z

e Z—1

do(t).

We can better characterize B-infinitely divisible measures with finite vari-
ance as follows. The result is an easy consequence of [7].

Proposition 4.3. Let u be a B-infinitely divisible probability measure on R with

¢, given by
+00 l+tZ

z—1

do(t).

Then u has finite variance if and only if o has finite variance.
Proof. Suppose first that ¢ has finite variance. Define

Al:[:jMam.

du(z) =a+/

—00

Then
ool 442

z—1

bu(z) = b+ / do(1) ,

—00

where b =a+ M. Then, for every z = x + iy € C*,

+00 2
\bu(z) - b] < / L+ o)
e Z—1
400 2 +o00 2
s/ 1L’da(z)s/ L ey = €
—00 |Z - tl —00 y y

where C < oo. Therefore by [7] (cf. Theorem 6.1), u has finite variance
not exceeding C. Conversely suppose that x4 has finite variance. By [7] (cf.
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Theorem 6.2) there exist b € R and a positive measure & of finite variance

such that voo 4 p2
. 1+t
o) =b+ [ Fdo
Denote oo
M= / tda(t)
Hence

¢,,(z)=zz+/ T s,

e Z—1

where @ = b — M . So, by the uniqueness of the Nevanlinna representation, we
get that @ = a and & = . Therefore ¢ has finite variance. O

Another consequence of Theorem 4.2 is the following result.

Proposition 4.4. Let {u,}2, be a sequence of B-infinitely divisible probability
measures on R converging weakly to a probability measure u. Then u is B-
infinitely divisible.

Proof. By Proposition 3.2 there exist o, f > 0 such that

¢ﬂn(z) r:o ¢ﬂ(z) )

uniformly on the compact subsets of the truncated cone I', . By Theorem 4.2,
¢y, extends to a function y,, : Ct — C~ UR. Since {w,,}32, is a normal
family, by the Montel Theorem there exists a subsequence Vi, converging to
an analytic function y : C* — C~ UR. It follows that ¢, , being the restriction
of ¥ on I', s equal to ¢,, has an analytic extension on C* with values in
C~ UR. Therefore, using again Theorem 4.2, the result is proved. 0O

We want now to begin a discussion, which will be developed further in the
next section, about the properties of limit distributions of certain averages of
free, identically distributed (f.i.d.) random variables. Notice that if X is a
random variable in a W*-probability space, and ¢ is a positive constant, then

z

¢ﬂcx(z) = C¢ﬂx (;) .

Proposition 4.5. Let {X,}5°, be a sequence of f.i.d. random variables ina W*-
probability space with common distribution v, {A,}2, and {B,}32, two se-
quences of real and positive numbers, respectively. If the distribution of the ran-
dom variable B;' (X +...+ X,) — An converges weakly to a probability measure
u, then p is B-infinitely divisible.
Proof. Define

X+ + X

R R
and denote by y, the ¢-function of Z,. First we prove that
lim B, =o00.
n—o0o

Indeed, by Proposition 3.2, there exist a, f > 0 such that

Wa(2) = Binqsy(an) — Ay = Bu(2)
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uniformly on the compact subsets of the truncated cone I', z. If there exists
a subsequence B, — B < oo, then, for every fixed z €I}, g,

—
T 0.

Sun ()| = |3(5-60(Bn2))

So the assertion is proved. Notice further that ¢, is defined in

Q= U T, 6(w)-
>0
So if we set o(w)
w
f(w, n) = B,

we get that w, is defined in
Qn = U 1-‘w,t9(a),n) .

w>0
Note that Q, ¢ Q,,;, and

o0

Jan=ct.

n=1
Let ®; = {¥n},>k. For every k the family ®; is normal, thus by the Montel
Theorem there exists a subsequence y,, (with n; = n;(k) > k) converging to
an analytic function w®) uniformly on the compact subsets of .
Since ¥, — ¢, uniformly on the compact subsets of I', g, by the Identity
Theorem it follows that ¢, extendsto Q. Since this holds for every k, ¢, has
an analytic extension on C* with values in C~ UR. Hence, by Theorem 4.2,
4 is B-infinitely divisible. O

Definition 4.6. Let 4 and v be probability measures on R. We say that v
and u are equivalent (u ~ v) if there exist constants a > 0 and b € R such
that %, (x) = F(ax + b) for all x. By analogy with classical probability, we
say that u is stable relative to additive free convolution (or simply stable) if
u~vHEY whenever u~v ~v'.

It is easy to verify that stable probability distributions are B-infinitely divis-
ible. Moreover if u and v are probability measures on R, then the following
two facts are equivalent:

(i) F(x)=Flax+b) forall x eR,
(i) ¢u(z) =a Y (pulaz)—b) forall z e Ct,
where a >0 and b € R.

Definition 4.7. Let ¢ : Ct — C~ UR be an analytic function. We say that ¢ is
stable if for every number a > 0 there exist » > 0 and c € R such that

6(z) + a¢(§) - b¢(§) +e.

Note that it is enough to require that the above equality holds for every a > 1.

The following corollary is a direct consequence of the above remarks.
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Corollary 4.8. A B-infinitely divisible probability measure u is stable if and only
if the function ¢, is stable.

The next result, whose proof may be found in [1], gives a complete charac-
terization of stable analytic functions (and hence of stable laws).

Theorem 4.9. The following is a complete list of the stable analytic functions
¢:Ct—-C-UR.
(i) ¢(z)=a, acR.
(ii) ¢(z)=a+ib, aecR and b<0.
(iii) ¢(z) = a+ bz "', a € R, a € (1,2], b # 0, and argh €
[(a—=2)n, 0].
(iv) ¢(z) = a+bz**', ae R, a€ (0,1), b # 0, and argh € [n,
(1+a)n].
(V) #(z)=a+blogz, acC-UR and b<0.

In the sequel we will refer to o as the exponent of the stable law. A stable
law of exponent 1 has a ¢-function of type (i), (ii) or (v).

5. DOMAINS OF ATTRACTION

Definition 5.1. Let {X,}3°, be a sequence of f.i.d. random variables with com-
mon distribution v in a W*-probability space and let {4,}32, and {B,};2,
be two sequences of real and positive numbers, respectively. Set

Xi+...+X
S
n

If for a suitable choice of the constants B, and A, the distribution of Z,
converges weakly to a non-degenerate measure u (i.e., a measure not concen-
trated in one point), we say that v is attracted to u. The set of all probability
measures attracted to u is called the domain of attraction of wu.

—A,.

The exclusion of degenerate measures serves to eliminate the trivial situation
where A4, converges to a finite number while B, increases so rapidly that the
random variable B;!(X; +...+ X,) tends in distribution to zero. We already
know from Proposition 4.5 that a probability measure with a non-empty domain
of attraction is B-infinitely divisible. Our main result, which is the formal ana-
logue of the classical theorem proved by Lévy (see [4, 5]), is expressed in the
following theorem.

Theorem 5.2. A non-degenerate probability measure has a non-empty domain of
attraction if and only if it is a stable law.

We first establish the following lemma.

Lemma 5.3. Let {X,}, be a sequence of fi.d. random variables in a W*-
probability space with common distribution v, {4,}52, and {Bn}32, two se-
quences of real and positive numbers, respectively. If the distribution of the ran-
dom variable B;'(X, + ...+ X,) — An converges weakly to a non-degenerate
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probability measure 1, then

(i) lim B, = .

n—oo
(i) Tim 2L =
n—oo n

Proof. Define
Xi+...+ X,

B,
and denote by u, the distribution of Z, . By Proposition 3.2 there exist o, 8 >
0 such that

Zn= _An’

B (2) = Binm(B,.z) — Ay =2 $u(2)

uniformly on the compact subsets of the truncated cone I', 4.
Assertion (i) follows from the proof of Proposition 4.5. To show (ii) observe

that
B X, A,B
Z — n Z, + n+1 +( nOn —4 ) ,
nl Bn+1 " Bn+1 Bn+l !

and

Xn+l _ Bn+l An+an+l
Zn + B” = Bn Zn+] + Bn An .

By assertion (i) and Proposition 3.2, there exist a’, / > 0 such that

NPONES)

Bn+1 Bn s
%( B, Pt (Bn+1 z)) == Sou(z)

uniformly on the compact subsets of I'y g C Ty p.

Applying Proposition 3.2 once more to ¢,, we see that B,,;/B, is bounded
away from zero and infinity. Indeed, suppose that B,,;/B, is not bounded
away, for example, from zero. Then, provided that we pass to a subsequence,
we have that, for every fixed z in the truncated cone I'y g/, the left-hand
side of the second equation goes to zero. Hence there exists N > 1 such that
B,.1/B, € [1/N, N] for every n.

Let us denote throughout the rest of the proof

Bn+1

"= B,

Selecting z = iy, with y big enough, we get

and

ZCpy € [%, lyN] C l"a:,ﬂ:.
Thus for each ¢ > 0 there exists ng(¢) € N such that, for n > ny(e),

4
<35% >

3(»Zs,u,,(cnz) - 8‘¢#(an) N
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from which it follows that
1 1 € €
— — P _— < =
|%<cn¢”n(c,,z)) %(cnd),,(c,,z))‘ < ING, =7

1 3
’%(C—qﬁﬂ”(c,,z)) - Qpu(z)| < 3 -
n
Therefore, combining the last two inequalities, we get that, for n > ng(e),
1
8(C—¢u(c,,z)) - Qdu(z))| < e
n
By Proposition 4.5 u is B-infinitely divisible and, since we suppose g non-

degenerate, by Theorem 4.2 there exists a positive measure ¢ # 0 and ¢ € R
such that

and

t° 1 4+1z

su(z)=a+ [ Zdo(1).
Therefore —_ 2)
. ®y(1+t
ouiv) = - [ Lt dat,
and we get

’%(El;qﬁ,,(c,,Z)) — S¢u(2))

+00 1 1
/_oo (1+‘2)(z2+c,,2y2 - t2+y2)da(t)

=Yy
oo 1+
— v3|1 _ A2
= c"'/ Eramn@Eic?
1+122
> _ a2
Y- '/ - @ E -

Since, once y is fixed,

3/+°° 14122 do(t)=C>0
Vo @ N @y =20

it follows that for n > ny(e),

e
Il—cﬂﬁz:-

Thus, letting ¢ — 0, we finally get

lime, =1,
n—oo

which yields the result. O

Proof of Theorem 5.2. Necessity. Let u be a non-degenerate probability mea-
sure. Let {X,}32, be a sequence of f.i.d. random variables in a W*-probability
space, {4,}52, and {B,}:2, two sequences of real and positive numbers, re-
spectively, such that Z, (defined as in Lemma 5.3), converges in distribution
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to u. Denote by u, the distribution of Z,. Select a > 1. By Lemma 5.3 it
is possible to find a sequence m = m(n) such that

lim EM =a,
n—oo n

and
lim m(n) = oo .
n—oo

Define

Xn+1 +... +Xn+m
Bm

It is clear that Z,, and Z, have the same distribution. Let us consider the

sum

Z’/n= —Am.

Bm ,_X|+...+Xn+m
Z"+B,, Z, = B, H, ,
where
H,=A4 +B—'"A
n — n Bn m -

From the assumptions of the theorem, the distribution functions of the two
components of the left-hand side converge to %,(x) and #,(x/a), respectively.
Therefore, by Proposition 3.2, there exists a truncated cone I', g such that the
¢-function of the right-hand side converges to ¢,(z) + a¢,(z/a) and @,,(z)
converges to ¢,(z) uniformly on the compact subsets of T', g.

Moreover

Xi+...+X B
L Bn AL Hn = g;m Zn+m + Kn s
where B
Ky = ;:m Anym — Hy .
Hence, setting
an = % s
n
and
Bn+m
=75,
n
we get

z z
budun () + Kn =2 9u(2) +adu(3)
uniformly on the compact subsets of I, g. On the other hand,
B, B, Bnm

V4 = Zn+ =Z +1,,
nm Bn+m " Bn+m Bn m "
where B B
In= 2 Ay + A — Anam .
" Bn+m " Bn+m " nm
Hence, using the above notation,
1 an

Znim=372Zn+

b Z, +1,.

bn
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Thus it follows that
1 an b, _
5O (0n2) + 520 (322) + In =2 du(2)

uniformly on the compact subsets of I', . In particular, for every zel, g,

we have
() =300 +5(e0 )

3 (g0 (a2 + $2000 (22) ) 2 S0402).

So, using the same argument of Lemma 5.3, and recalling that a, converges to
a, we get that b, is bounded away from zero and infinity. Moreover the two
equations above tell us that in fact b, must converge to a limit b. This forces
K, to converge to a finite limit K. By Proposition 3.2, we have

b”¢”"('lyz_n) + Ky — b¢”(%) +K,

in some truncated cone I'y, g C I’y 4, and by the Identity Theorem we finally
get

and

bu(2) + adu (=) =bgu(3) + K ,

for every z € C*. Therefore, by Corollary 4.8, u is stable.

Sufficiency. Let u be stable, and let {X,}32, be a sequence of f.i.d. random
variables with common distribution x. Then there exist sequences {A4,}52,
and {B,}32, of real and positive numbers, respectively, such that the sum X, +
...+ X, , has distribution function %,(B; Ix — A,). Hence the random variable
Z,,definedby Z, = B, !(X; +...+ X») — An , has distribution function %,(x).
Thus u belongs to its own domain of attraction. 0O

Our next goal is to give a precise characterization of the coefficients B, which
appear in the weighted sum. For this purpose we need first a definition.

Definition 5.4. A function 4 of integer argument is said to be slowly varying if
for any integer k
. h(kn)
LT

Theorem 5.5. Let {X,}°, be a sequence of fi.d. random variables in a
W*-probability space, {A,}52, and {B,}2, two sequences of real and positive
numbers, respectively. If the distribution of B;'(X; +...+ X,) — A, converges
weakly to a non-degenerate probability measure 1, then B, = n«h(n), with
a € (0, 2] and h a slowly varying function.

Proof. Let m be a positive integer. Define forevery i=0,1,... ,m—1

Xnivy + o+ Xngign

S = = ,

and
Z,=8%-4,.
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It is clear that for every i =0, 1, ... , m — 1 the random variables S’ are free
and have the same distribution. Denote by v, the common distribution of S
and by u, the distribution of Z,. Then, denoting

B,
Cn = cp(m) = ?"n'f'- ,
we get
$0 = Lisoq ysmiy,
Cn
which yields

m
Bvum(2) = —u,(CnZz) .
Cn
On the other hand, we may write the former relation as
SO+ .. +8Sr 1 =c,S8%, ,

which yields
zZ

Moy, (2) = Cn P, (a) .

Again, as in Lemma 5.3 we get that ¢, must converge to a finite limit ¢. Since
for every n the equality I¢,,(z) = S¢,,(z) holds for any z in certain trun-
cated cone, it follows that, for z big enough, z in the truncated cone,

Sdu(z) = %(%gb#(cz)) .

This equality, by the Identity Theorem (for harmonic functions), holds for every
z € C*. Since u is stable and non-degenerate, its ¢-function is given by (ii),
(iii), (iv) or (v) of Theorem 4.9. In any of these four cases, it follows directly
by the above relation that ¢ = ms with a € (0, 2], i,

. Bnm _ 1
nh—>nc;lo B, =me,
which is possible only if
B, =nsh(n) ,

with & slowly varying. O

It is immediate to verify that if v and ® are equivalent non-degenerate
stable laws, they have the same domain of attraction. The converse is also true.

Theorem 5.6. Domains of attraction of non-degenerate non-equivalent stable laws
are disjoint.

Proof. Suppose that ¥ and w are two non-degenerate stable laws with the same
domain of attraction. Then there exist o, € (0, 2], 4 and A’ slowly varying

functions, {4,}52, and {4,}$2, sequences of real numbers, and a sequence
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{Xn}2, of f.i.d. random variables such that, defining
_ Xi+...+ X,
" h(n)nz

n

and

ST B CRN
h'(n) n® "

it follows that, for every z in some truncated cone,

buz, (2) =2 Pw(2) »

z,

and 4
Dy (2) =2 B0l2)

We first show that we necessarily have o = . Suppose indeed that a > .
Then
Z, =anZ,+ and, — 4, ,

where
h(n) ns

ap = —"—
! h'(n) n#
Therefore by Proposition 3.2, for every z in the truncated cone we have

s(Clnd’;tz,, (%)) == 0.

On the other hand we have also that

%(a,@,% (ai)) == S6u(2) ,

which is a contradiction. Hence a = f.
Defining now

n— oo

_ h(n)
"= W)

S(k,,tﬁ,,zn ({—)) =2 Stu(2) ,

s(kl—n%é(k,,z)) == Sou(2) ,

for every z in some truncated cone. Again, as in Lemma 5.3, we get that k,
must converge to a finite positive limit k. By the Identity Theorem then, for
every z € C*, we get ‘

(+) s<k¢y (g)) = Su(2) .

For a = 2 there is just one class of equivalent stable laws, thus there is nothing
to prove. For a = 1 there are two classes of equivalent stable laws, namely

we have that

and
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(according to the classification in Theorem 4.9), stable laws of type (ii) and (v).
So if v is of type (ii) and w is of type (v), Equation ( *) becomes

kb; = b,S(logz) , zeCt,

and this is a contradiction. Finally for a € (0, 1)U (1, 2) Equation ( *) leads
to
keS(kbyz7ot) = ¥(byz7ot), zeCH,

which is possible if and only if arg(b;) = arg(b,), i.e., if and only if v and @
are equivalent. O

The stable law of exponent a = 2 is the semicircle law, defined as

dya 1(0) {nrz\/ﬂ—(t— dt iftela-r,a+r],
a,r

otherwise,

which is the noncommutative analogue of the normal law. Indeed, an easy
calculation shows that
r21
Z)=a+ ——
¢}'a r( ) + 4 z
from where we get
Yay,n BYay,r, = yal+az,\/?+—'22 .
Note that

+00

Mean(y,.,) = / tdya,()=a,

—00

and
+00 5 r2
Var(ra,) = [ (- @ dpa 0 = -

—00
In the sequel, we will denote yy,, by 7.

We should mention that the case o = 1 is somewhat important even if the
attracting measure is degenerate, since is related to the noncommutative weak
law of large numbers [2, 6].

If the attracted measure has finite variance, we can provide a stronger result.

Proposition 5.7. The only possible non-degenerate limit of the weighted sum

Xi+...+X
Zn = ——B:—n - An )
of f.i.d. random variables with non-degenerate common distribution with finite
variance, is the semicircle law. In this case
vn

A, g, =<

Proof. Easily follows from Maassen Central Limit Theorem [7]. O

We have then a complete correspondence with the classical probability theory
(see [4, 5]).
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It was shown in Theorem 5.5, that the constants B, determining attraction
to a stable law of exponent o are necessarily of the form

B, =n=h(n) ,

where h(n) is slowly varying. The most interesting case, for convergence to the
semicircle law, is that in which

B, = kna |

for k > 0 constant. On the other hand, any stable law of exponent a belongs
to its own domain of attraction, with B, = kna . This suggests the following
definition.

Definition 5.8. A distribution belongs to the normal domain of attraction of a
stable law of exponent o if the normalizing constants are given by

B, = kns ,
for k > 0 constant.

In the following we want to apply the results we obtained to the case of f.i.d.
random variables with a B-infinitely divisible distribution.

Theorem 5.9. In order that a B-infinitely divisible law belong to the normal do-
main of attraction of the semicircle law, it is necessary and sufficient that it have
finite variance.

Proof. The sufficiency follows from the Maassen Central Limit Theorem [7].
To prove the necessity, let {X,}52, be a sequence of f.i.d. random variables in
a W*-probability space with common distribution v. By Theorem 4.2, there
exist a € R and a positive measure ¢ such that

¢u(2) =a+/+oo 1+t2da(t).

oo Z—1t

Suppose that there exist k > 0 and a sequence {A4,}32, of real numbers such
that Z,, given by

X|+...+Xn
/, = — "~ "~ A s
" k\/;i "

converges to the semicircle law p, for some r, but
+00
/ t2dv(t) = o .
By Proposition 4.3 we have also
+00
/ t*do(t) = .

—00

Then, by Proposition 3.2, there exist a, f > 0 such that

2
VR (kR 2) - A =2, by (2) = T2

b
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uniformly on the compact subsets of the truncated cone I', g. In particular,
forevery z=x+1iyel, g,

r2
%(%@(k\/ﬁ 2)) =2 ¢y, (2) = GMLyZ)—% :

So, if x =0, we have that

Vn Y, Pl
(\(745:/(/(\/51)’)) 4 Z;
On the other hand,
. +oo k 1+ 22
tmfo(Fotmo) i } [ i ham

. y(1+t)
= lim —‘—dat
n—oo J_o B 4 k2y2 (1)

= L/m(l +12)do(t) =0
Tk ) S

by the Monotone Convergence Theorem. 0O

ACKNOWLEDGMENTS

The author would like to thank Professor Bercovici for encouragement and
helpful discussion during the course of the investigation.

1.

2.

3.

1.

REFERENCES
H. Bercovici and D. Voiculescu, Free convolution of measures with unbounded support,
Indiana Univ. Math. J. 42 (1993), 733-773.

H. Bercovici and V. Pata, The law of large numbers for free identically distributed variables,
Preprint, 1995.

H. Bercovici and D. Voiculescu, Lévy-Hinéin type theorems for multiplicative and additive
free convolution, Pacific J. Math. 153 (1992), 217-248.

. W. Feller, An introduction to probability theory and its applications, Wiley, New York, 1971.
. L.A. Ibragimov and Yu.V. Linnik, Independent and stationary sequences of random variables,

Wolters-Noordhoff, Groningen, 1971.

. J.M. Lindsay and V. Pata, Some weak laws of large numbers in non-commutative probability,

Preprint, 1994.

. H. Maassen, Addition of freely independent random variables, J. Funct. Anal. 106 (1992),

409-438.

. F.J. Murray and J. von Neumann, On rings of operators, Ann. of Math. 37 (1936), 116-229.
. D. Voiculescu, Addition of certain noncommuting random variables, J. Funct. Anal. 66

(1986), 323-346.

. D. Voiculescu, Limit laws for random matrices and free products, Invent. Math. 104 (1991),

201-220.

D. Voiculescu, K. Dykema, and A. Nica, Free random variables, CRM Monograph Series,
vol. 1, Amer. Math. Soc., Providence, RI, 1992.

DEPARTMENT OF MATHEMATICS, INDIANA UNIVERSITY, BLOOMINGTON, INDIANA 47405
E-mail address: vpataQucs.indiana.edu



